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Abstrat: We propose and experiment a reonstrution nite-volume sheme for vertex-enteredunstrutured meshes. The reonstrution is quadrati and 2-exat with respet to mean ell values.The quadrature formulas for uxes are also exat for quadrati polynomial. The resulting shemeis third-order aurate. We evaluate its auray on advetion test ases. We apply this method tothe linearised Euler model and 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onvergent mixed-element-volume s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4 Ouvrard et al.this vertex. This has some pros and ons whih we shall disuss in the sequel. An easy-to-seeadvantage is that the number of degres of freedom (and therefore the number of reonstrutions)is as small as possible for a given triangulation or, in 3D, tetrahedrization.We introdue rst the method by realling the nite-volume method onstrution and the ap-proximation proess whih onsists of three steps, the reonstrution, the ux integration, and thetime evolution. We then proeed to the numerial study of the sheme with two test ases of steadyand unsteady onvetion and ompare it to some sheme derived from another priniple.2 Simplied ENO reonstrutionWe onsider the hyperboli equation:
∂u
∂t
(x, y, t) + ∇. ~f(u(x, y, t)) = 0 (1)with boundary and initial onditions given by:
{
u(x, y, t) = φ(x, y, t) for (x, y) ∈ ∂Ω
u(x, y, 0) = u0(x, y)where (x, y) ∈ Ω with Ω open set of R2, t ≥ 0.
u : Ω × R∗+ → R and
~f(u(x, t)) = (f1(u(x, y, t), f2(u(x, y, t))












u(x, y, t)dxdy +
∫
∂Ci






























~f(u(x, y, t)).~nds = 0with V (i) the set of neighbors of the vertex i.Polynomial ReonstrutionOn eah ontrol volume Ci and eah timestep, we seek to approximate the solution u(x, y, tn) =























(X − X0,i)α − (X − X0,i)α
] (3)where






I = {α = (α1, α2) ∈ N × N, |α| = α1 + α2 ∈ [1, 2]} is the set of multi-indies,
(X − X0,i)α = (x − x0,i)α1(y − y0,i)α2 where (x0,i, y0,i) represents the enter of gravity of the ells
Ci.In this way, the ondition (??) is guaranteed.To onstrut the polynomial Pni we need to dene the stenil Si formed from the ells around thevertex i in order to take enough values of the solution around i. The onstrution of the stenil Sidepends on the number of neighbors and on the logi boundary onditions of i. Si always ontainsthe ells Ck where k is a neighbor of i. To ompute the 5 oeients of the polynomial, we need atleast 5 nodes. Consider an internal vertex i. If i has 5 and more neighbors, the stenil Si is formedfrom the ells entered on the neighbors of i. Otherwise the stenil Si ontains the ells Ck and theells Cl too, where l is a neighbor of k and k a neighbor of i (see Figure ??).The 5 oeients unknown cni,α of the reonstruted polynomial have to be found so that the





















6 Ouvrard et al.
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(unk − uni )Di,k,p for p = 1..5 (5)The integrals of the monomials ∫
T























x2 − x1 x3 − x1









)Applying the substitution rule to ome down to the integral on the triangle Tref yields:
∫
T

























8 Ouvrard et al.sine the absolute value of the Jaobian determinant of the transformation f is 2vol(T ). Thenapplying a 3-points Gauss quadrature rule gives:
∫
T











Figure 4: Interfaes between Ci and Ck, (1) : ∂C(1)ik and (2) : ∂C(2)ikReminding that the ux on the boundary of the ell Ci an be written:
∫
∂Ci





~f(u(x, y, t)).~ndsthe interfaes ∂Ci ∩ ∂Ck an be deomposed in two segments ∂C(1)ik and ∂C(2)ik , see gure ??.
∫
∂Ci∩∂Ck












































) and (x(l)g2,ik, y(l)g2,ik).On the referene segment [−1, 1], the gauss points +− 1√
3



































, t), ~νik)where ~νik = ∫
∂Ci∩∂Ck
~n(x)dx is a onstant vetor sine the grid is xed.We have to hoose the numerial ux Φ suh as the resulting sheme is stable, for exemple the Roesheme:























γ ∈ [0, 1] is a parameter we are able to ontrol the numerial visosity with.2.1 EvolutionThe semi-disretization in spae of the equation (??) leads to the following ODE system:
dui(t)
dt



















N + 1 − αΨi(u
(α−1)
i ) for α = 1..N
un+1i = u
N




















10 Ouvrard et al.
∂u
∂t
(x, y, t) + a
∂u
∂x
(x, y, t) + b
∂u
∂y
(x, y, t) = 0 (7)We apply the sheme to a Cartesian mesh of Friedrihs-Keller type, that is made of squares split intriangles with diagonals of only one diretion, see Fig. ??. A spae-wise modied equation analysis








































(f(u(x, t))) = 0 (8)This study is restrited to the ase
f(u(x, t) = vu(x, t)with v the advetion veloity, using a regular mesh: xj+1 − xj = ∆x, ∀j. The onvetive term isdisretized with a nite-volume method. The ontrol ell Cj assoiated to the node j is dened by
Cj = [xj− 12 ; xj+
1
2




























v.u(x, t)~ndσ = 0We seek to approximate the onvetif term by an operator L depending of the mean values at nodes
































approximating the ux at the interfaes between the ell Cj and its neighoringells Cj−1 and Cj+1, Φ is the Roe ux as desribed previously and Pk the reonstruted polynomialin the ell Ck.As explain previously, the quadrati polynomial must verify the riteria (??) and minimize thefontional (??), whih leads to a matriial equation where the unknowns cj = (cj1, cj2) are theoeient of the polynomial Pj to be found. Solving this equation yields for eah nodes j:
Pj(x) = uj +
1
2∆x
(uj−1 − uj+1)(x − xj) +
1
2∆x2
(−uj−1 + 2uj − uj+1
[





















(uj+2 + uj−2) +
4
3
(uj+1 + uj−1) − 3uj





− γ [cos(2θ) + 8cos(θ) − 9] + i [sin(2θ) + 4sin(θ)]
]
ûjLet us dene the gain fontion Gθ = g(zθ) with zθ = λθ∆t.
g is the harateristi polynomial of the Runge Kutta 4 method:









λθ is a linear operator verifying L = −λθûnj and ∆t the time step. We introdue the ourantnumber ν. The gure ?? shows the behaviour of the funtion g(ν) = max
θ∈[0,π]
‖Gθ‖ for dierent valuesof γ. In both ase, we determinate the maximum value νmax whih verify the stability riterion,that is: g(ν) < 1.





















12 Ouvrard et al.





















Figure 6: Stability of the sheme


















Behaviour of the amplification factor


























Vertex-entered Reonstrution Sheme 13where δUn+1 = Un+1 − Un and T n is the tridiagonale matrix of the impliit Steger Warmingsheme.With a lassial Fourier analysis, one obtain an ampliation fator equal to:
G(∆t) =
tθ + zθ









∣. Thismaximum is equal to 0.53 and 0.34 for γ respetively equal to 1 and 0.3.












































14 Ouvrard et al.with a steady veloity eld ~V = (1, 0)t.The boundary onditions and initial onditions are given by:
{
u(x, y, t) = 1 for (x, y) ∈ ∂Ω




2)aording to the notation in the previous setion, u0(x, y) is a Gaussian funtion entered on thepoint of oordinates (0.5, 0.5).The Gaussian translation test ase is omputed on several unstrutured and strutured grids(see Table ?? and Table ??). G2uns, G3uns and G4uns and respetively G2s, G3s and G4s areonstruted using grid divisions of G1uns and respetively G1s, see Figure ??.
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onstrution Sheme 15
G1uns G2uns G3uns G4unsnodes 535 2057 8065 31937Table 1: Nodes number of the unstrutured grids
G1s G2s G3s G4snodes 400 1521 5929 23409Table 2: Nodes number of the strutured grids





















16 Ouvrard et al.





















Vertex-entered Reonstrution Sheme 17The initial onditions are as follows:








u(x, y, 0) = v(x, y, 0) = 0.The parameter b denes the thikness of the Gaussian prole and is refered as the half-width.Starting from this perturbation, the linearised Euler equations are solved from time 0 to 40 in asquare. At boundaries a non-reeting boundary ondition is applied. The numerial onvergeneorder is evaluated from two dierent domain disretizations, with 100 × 100 ells (grid G1) and
200 × 200 ells (grid G2) and by omparison to the exat solution.An example of density eld obtained for this test ase is depited in Fig. ??.





















18 Ouvrard et al.5.1 Comparison on a Cartesian mesh





















Vertex-entered Reonstrution Sheme 195.2 Comparison on quasi-uniform aute mesh





















20 Ouvrard et al.5.3 Comparison on a quasi-uniform obtuse mesh
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